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Adsorption has been found to be significant in ultrafiltration by mixed matrix membrane. Removal of very low molecular
weight solutes compared to the molecular weight cut off of the membrane is facilitated by adsorption. The modeling of
the adsorption coupled with concentration polarization is presented based on the mathematical approach developed by
Gekas et al. (Gekas et al. Chem Eng Sci. 1993;48:2753–2765), from the first principles. However, extensive modifica-
tions were included in theoretical development including those suggested by Ruiz-Bevia et al. (Ruiz-Bevia et al. Chem
Eng Sci. 1997;52:2343–2352). The developed model captured the rejection dynamics with the help of retention factor.
The model equations were solved under the framework of boundary layer analysis, using the integral approach. Effects
of the adsorption isotherm and the different parameters affecting the system performance were also investigated. Fur-
ther, experimental validation of the model results with two different mixed matrix ultrafiltration studies was also eluci-
dated. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 2354–2364, 2014

Keywords: mixed matrix membrane, adsorption, concentration polarization, ultrafiltration, fluoride, catechol

Introduction

Application of mixed matrix membrane (MMM) has
gained considerable interest in membrane separation for the
past couple of years.1–3 The primary reason is to have the
properties of membrane tailor-made to achieve high selectiv-
ity in a particular separation process.4,5 It has been observed
that doping of inorganic filler materials onto polymeric mem-
branes increases its selectivity retaining its high throughput.
The flux decline as well as the rejection mechanism in mem-
brane filtration is attributed to the phenomenon of concentra-
tion polarization resulting from (1) reduction in driving force
due to increased osmotic pressure on the membrane surface,6

(2) formation of gel layer which offers an additional hydrau-
lic resistance to the overall solvent flux,7 (3) electrokinetic
effects due to the presence of charged colloids,8 and (4) pore
blocking.9 However, contrasting to these conventional con-
cepts, solute adsorption together with diffusion and convec-
tion in the membrane separation process plays an important
role in the rejection profile as well as the permeate flux
mechanism, in the MMM.

Understanding of the transport process coupled with
adsorption mechanism has not been explored to a significant
extent. The first reported study of adsorption on membrane
was by Matthiasson, who suggested that, indeed adsorption
played important role in ultrafiltration.10 The first modeling
approach was developed by Doshi (1986) combining the
interplay of adsorption and concentration polarization in an

unstirred batch cell.11 He developed the model for steady
state under the two limiting cases of adsorption or diffusion
dominating. In case of adsorption limited process, he consid-
ered the membrane surface concentration to be negligible due
to desorption of solute from the membrane to the permeate
side. In case of diffusion limited process, he argued that
ultrafiltration was governed by the osmotic pressure differ-
ence. Further development was carried out by Gekas et al. in
1993, in modeling of protein ultrafiltration.12 They introduced
both the adsorption and concentration polarization in the
model. The model was based on the generalized concentra-
tion boundary layer equations, complemented by addition of
a source term due to adsorption in the boundary condition at
the membrane surface. Numerical simulation was performed
for the system of equations using finite discretization. How-
ever, as pointed out by Ruiz-Bevia et al. in 1997, there were
some inconsistencies in the modeling approach by Gekas
et al., which were corrected and an improved version of the
model was presented.13 They argued that the evaluation for
adsorption dynamics could not be solved explicitly and

required coupled solution with the boundary layer equation,

unlike the analysis of Gekas et al.12 They also pointed out an

inconsistency with reference to the convention in calculating

the diffusive term with respect to the co-ordinate system cho-

sen. However, their model did not include the variation of

the concentration of batch volume with time. Also, quantifi-

cation of the permeate concentration was not included.
In this study, a comprehensive mathematical analysis has

been presented taking into the corrections suggested by
Ruiz-Bevia et al.13 for MMM. The modeling approach takes
into account of the growth of the concentration boundary
layer, profile of membrane surface concentration with time,
development of the adsorption resistance, permeate

Correspondence concerning this article should be addressed to S. De at
sde@che.iitkgp.ernet.in.

Correction added on April 4, 2014 after online publication: revised Acknowl-
edgment section.

VC 2014 American Institute of Chemical Engineers

2354 AIChE JournalJune 2014 Vol. 60, No. 6



concentration and the variation of the feed volume, and con-
centration with duration of filtration. Complete state of the
art analytical solution has been attempted using the integral
method of solution. The set of coupled differential algebraic
equations (DAE) has been solved to get the results. Finally,
the model predictions have been compared with two sets of
experimental results for fluoride removal using alumina-
doped MMM and for catechol removal using alumina
nanoparticle-doped MMM. Sensitivity analyses are also car-
ried out for the model parameters and for the constants of
adsorption isotherm.

Theoretical Development

The phenomena of concentration polarization in presence
of adsorption occurring over the membrane surface have
been described in Figure 1. The model equations represent-
ing the transport of solute in MMM are subjected to the fol-
lowing assumptions:

1. Thickness of concentration boundary layer is small, so
that the transverse velocity is equal to the permeation
velocity. The validity of this assumption is more consoli-
dated in the subsequent result and discussion sections.

2. Diffusivity of the solute is constant and does not
depend on concentration.

3. Because concentration boundary layer is thin, the
amount of solute present within the boundary layer is
small enough to be ignored.

4. The density of the feed and permeate stream are con-
sidered equal, as these solution are diluted enough to
affect density.

5. The membrane density and porosity are uniform and
isotropic.

6. The variation of adsorption resistance with solute
adsorption is quantified following the relation as men-
tioned by Ruiz-Bevia et al.13

7. The real retention (Rr) of the membrane is constant.
In a batch experimental setup, the governing species trans-

port equation in transient form is expressed as12,13

@c
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(1)

where c is the solute concentration and y is the distance in
the boundary layer above the membrane surface. As stated
in the assumptions, the y-component velocity (v) is equal to
the permeation velocity at the wall14 and within thin concen-
tration boundary layer, v is not a function of y. Thus, the y-
component velocity becomes

v52vw (2)

The initial condition for this process is

at t50; cðy; 0Þ5c0 (3)

with, c0 being the initial concentration. The boundary condi-
tion at the edge of the boundary layer thickness (d) is

at; y5dðtÞ; c5cbðtÞ (4)

where cb is the bulk concentration which increases with time
of filtration. The other boundary condition at the fluid-
membrane interface (y 5 0) is13

at y50; vw cm2cp
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where ca represent the amount of solute adsorbed by the
membrane surface, cm is the membrane surface concentration
(cm5cjy50), and cp is the downstream permeate concentra-
tion. It may be noted here, that in mass-transfer analysis, the
diffusive flux D@c

@yjy50, which accounts for the concentration
polarization is always away from the membrane (in the form
of back diffusion) as the solute concentration over the mem-
brane surface is higher than the bulk concentration. How-
ever, this may not be true in case of strong adsorption
occurring in the membrane surface as in the case of MMM.
As adsorption is equilibrium governed process, the solutes
polarized over membrane surface gets adsorbed by the mem-
brane and in the process, the surface concentration decreases.
Hence, more solutes get diffused from the bulk toward the
membrane surface, due to positive concentration gradient.15

Another interesting aspect observed during ultrafiltration
of proteins (or other high-molecular weight components) is
that both concentration polarization and adsorption work
competitively leading to deposition of solute particles over
the membrane surface. In such situations, there exists a

Figure 1. Schematic of the adsorption phenomena.
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particular transition time, when the concentration polariza-
tion due to back diffusion becomes prominent over adsorp-
tion. In such situation, Eq. 5 is transformed to Eq. 6

at y50; v w cm2cp
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@y

����
y50

50 (6)

The permeate flux across the membrane at any point of
time can be expressed as13

vwðtÞ5
DP2Dp

Rm1Rad ðtÞ
(7)

where Rad ðtÞ is the adsorption resistance and is described
later on. The osmotic pressure (p) is calculated considering
it as an ideal solution (similar to salts) using the Vant-Hoff’s
relation16

p5 c11c2
� �RgT

MW
c (8)

It is to be noted that one can introduce typical polynomial
dependence of osmotic pressure with concentration for mac-
romolecular solutes.17 This particular linear functionality has
been used to reduce the mathematical complexity and to
simulate the results of ultrafiltration of a fluoride salt and
another low molecular weight organic solute.

Thus, osmotic pressure difference (Dp) is represented as

Dp5pjm2pjp5 c11c2
� �RgT

MW
cm2cp

� �
(9)

The bulk solute concentration can be evaluated consider-
ing an overall species balance18

d
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By carefully observing the order of magnitude of the terms,
one can very well ignore

Ð d
0

cðy; tÞdy, as thickness concentra-
tion boundary layer, d is very small. Thus, Eq. 10 becomes
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Considering an overall material balance, the governing
equation for the retentate volume (V) can be obtained

dV

dt
52vwAm (12)

It has been assumed that the density in the retentate and
permeate side are equal, as it is dilute solution and density is
a weak function of concentration. The initial condition for
Eq. 11 and Eq. 12 is

at t50; cb5c0 and V5V0 (13)

Quantification of adsorption

The dynamics of adsorption phenomena can be quantified
using the following expression12

dca

dt
5a1ca2 ce2ca½ � (14)

where ce is the adsorption equilibrium concentration on the
membrane surface (adsorbent), represented by the Langmuir
isotherm as

ceðtÞ5
Ac

11Bc
(15)

In the above equation, A and B are isotherm constants and
c is the solute concentration evaluated at the membrane sur-
face (cm). The standard Langmuir isotherm model is repre-
sented by

qe5
ka Vm c

11ka c
(16)

Comparing the above expression with Eq. 15 one can
identify that

A5kaVmqmemb ð12eÞL (17a)

and

B5ka (17b)

Because ce in Eq. 15 is in kg/m2 and cm is in kg/m3, the
constants A and B have to be in appropriate units. It can be
mentioned that a different adsorption isotherm model, such
as Freundlich or Tempkin can also be chosen. In this model,
Langmuir isotherm is selected, as this widely represents
adsorption phenomena for many equilibrium governed mass-
transfer processes. Also, as far as the applicability and valid-
ity of the model is concerned, both the sets of experimental
results follow Langmuir adsorption isotherm.

The adsorption resistance, Rad, which depends on the
adsorption concentration is represented as13

Rad ðtÞ5k=cn
a (18)

where k/ and n are model parameters specific to the particu-
lar membrane-solute system.

Definition of the real retention (Rr)

The adsorption phenomena across the membrane matrix
can be visualized as a two stage sequential process. Interplay
of various transport mechanisms at the membrane-feed solu-
tion interface and at the membrane-permeate side interface is
described in Figure 1. Considering the retention across the
membrane-feed solution interface, a real retention factor can
be defined as

Rr1512
cpm

cm

(19)

while the retention across the membrane-permeate interface
is described as

Rr2512
cp

cpm

(20)

Thus, using Eqs. 19 and 20, the concentration across the
membrane surface (cm) and permeate side (cp) is related as

cp

cm

5 12Rr1ð Þ 12Rr2ð Þ512Rr (21)

where Rr5ðRr11Rr2Þ2Rr1Rr2. This retention factor is specific
to the particular membrane-solute system, which is assumed
constant in the present study.

Solution of the model equations

The species transport equation in the boundary layer, con-
sidering v 5 2vw as obtained from Eq. 1 is
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Nondimensionalizing the above equation, we get
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where Pew5 vwR
D ; y�5 y

R; s5 tD
R2; d�5 d

R and c* 5 c/c0. Conse-
quently, the boundary conditions expressed in Eqs. 3 and 4
are cast in nondimensional form as

at s50; c�51 (24)

and

at y�5d�; c�5c�b (25)

From the definition of the membrane surface concentration

at y�50; c�5c�m (26)

Now, following an integral method of solution of the one-
dimensional parabolic PDE (Eq. 23),14 the concentration pro-
file is defined (within the mass-transfer boundary layer) as

c�5a01a1y�1a2y�2 (27)

Using the condition presented in Eqs. 24–26, the constants
a0, a1, and a2 are calculated. Thus, the concentration profile
is expressed as
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Differentiating Eq. 28 with respect to y� and s, and substi-

tuting the derivatives in Eq. 23, the following expression is

obtained
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Taking the zeroth moment of above equation by multiply-
ing both sides by dy* and integrating across the boundary
layer thickness from zero to d�, results the following
expression
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The above differential equation couples the dynamics of

development of the concentration boundary layer, evolution

of the membrane surface, and bulk solute concentration. The

nondimensional form of the equations representing the flux

at the interface (Eq. 5), adsorption dynamics (Eq. 14), inter-

face equilibrium concentration (Eq. 15), adsorption resistance

(Eq. 18), permeate flux (Eq. 6), and the change of retentate

concentration and volume with time (Eqs. 11 and 12) is pre-

sented in the appendix.
Therefore, the system of DAE constituting Eq. 30 and

Eqs. A1–A7 have been solved numerically using the MAT-
LAB, by invoking the state independent mass-matrix.19 The
initial value for d� is obtained from the asymptotic solution
of Eq. 30 in the limiting case of s! 0, considering without
any adsorption, using the procedure outlined by De et al.14

d�js!05
ffiffiffiffiffiffiffiffiffi
12 s
p

(31)

This is necessary to start the solution (initial s is a very
small nonnegative number other than zero) and the system
of equation becomes stable. The initial condition for Pew is
corresponds to pure water flux. Thus, the profiles of V�, Pew,
c�b, c�m, d�, c�a have been computed for various operating
conditions.

Determination of the unknown parameters

The objective function (S1) for error minimization of per-
meate flux is

S15
XNexp

i51
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w;exp 2vj;i

w
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(32)

and for the retention is
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The model constants (k; n; a1; a2) are evaluated by simulta-
neously optimizing the experimental profiles of permeate
flux and rejection (S1 1 S2).20,21 The sum of the squares of
the relative error between the experimental and simulated
profiles is minimized using an optimization routine of inte-
rior point algorithm following a trust region method.22 The
value of Rr is obtained by optimizing the rejection profiles
for all sets of experimental data corresponding to a specific
membrane-solute system (S2).

Experimental Details

Materials

MMM were prepared by phase inversion technique using
cellulose acetate phthalate (CAP) as the base polymer. CAP
was purchased from GM Chemicals Company Limited,
Mumbai, India. N, N Dimethyl formamide (DMF) was pro-
cured from Merck, Mumbai, India. The alumina nanoparticle
was provided by US Research Nanomaterials, Houston. Cate-
chol and sodium fluoride (NaF) were obtained from Merck,
Mumbai, India.

Preparation of the CAP-alumina nanoparticle doped
MMM

The polymer casting solution was prepared by doping
20% w/w alumina nanoparticle in the solvent (DMF) at
60�C. Then, CAP, which was a nanoparticle stabilizer itself,
in 15% by weight, was added slowly to the suspension while
stirring continuously. The mixture was then sonicated for 6 h
with occasional stirring to prevent agglomeration of nano-
particle. Nonwoven polyester fabric (product number:
TNW006013, supplied by Hollytex, New York) was attached
to the glass slides and was fixed by tape. The above casting
solution was poured onto one end of the fiber. Manual draw-
down was made with a speed of 20 mm/s using a doctor’s
blade set at a fixed gap of 150 m. The membrane was put in
water bath at 27�C for 16 h to complete the phase inversion.
Details of the physical characteristics of the membrane (such
as molecular weight cutoff, contact angle, SEM, mechanical
strength, etc.) were already reported elsewhere23 and the
important properties necessary for the present simulation are
mentioned in Table 1.
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Preparation of the CAP-activated alumina composite
MMM

The casting solution was prepared by doping 35% w/w of
activated alumina and 20% w/w CAP as the base polymer in
DMF. The casting solution was prepared by mixing CAP in
preheated DMF at 45�C, very slowly. Continuous constant
stirring was given to the CAP-DMF solution with intermedi-
ate heating at times just to ensure proper dissolution of CAP
for 4 h. Next, alumina was added at a particular concentra-
tion and the mixture was sonicated for 6 h. The polymeric
solution was cast in the similar fashion as described in previ-
ous section. Details of the physical characteristics of the
membrane (such as molecular weight cutoff, contact angle,
SEM, etc.) are presented elsewhere.26

The casting composition was chosen so that the prepared
membrane exhibits maximum values of permeability, poros-
ity, hydrophilicity, and surface zeta potential in the case of
alumina nanoparticle-doped membrane. In the case of acti-
vated alumina composite membrane, the casting solution
becomes too viscous beyond certain alumina content (35%
w/w) and becomes infeasible for casting. For further infor-
mation on the methodology of membrane fabrication, the
suggested references are Refs. 23,26.

Unstirred batch cell filtration experiments

Membrane filtration experiments were conducted in
unstirred batch cell at room temperature for 3 h using syn-
thetic catechol and fluoride solution. The catechol solution
was ultrafiltered using CAP-alumina nanoparticle doped
MMM at pH 8.3, for different feed concentrations and

operating transmembrane pressure (TMP). The permeate cat-
echol concentration was measured using UV spectrophotom-
eter (model: Lambda 35, supplied by M/S, Perkin Elmer,
Connecticut), having peak absorbance at 277 nm.

The sodium fluoride solution was ultrafiltered using CAP-
activated alumina composite MMM for different feed con-
centration and TMP. The experiments were conducted at
room temperature and pH 7.0. The fluoride concentration in
the permeate stream was measured using an ion specific
electrode (model: Orion 720A1, Thermo Electron Corpora-
tion, Beverly). The schematic of the experimental setup is
presented in Figure 2.

Results and Discussion

The validation of the theoretical model analysis was car-
ried out for two different membrane solute systems. The first
one is ultrafiltration of fluoride contaminated water using
CAP-doped alumina MMM as explained in the experimental
section. The second one is ultrafiltration of catechol using
alumina nanoparticles-doped CAP membrane. The values of
the physical properties and adsorption isotherm constants of
the system used in the simulation are described in Table 1.
The typical parameters optimized for these two separate sys-
tems are presented in Table 2. The profiles of Pew, c�b, V�,
c�m, d�, c�a, and c�p are obtained by solving the system of
DAE (Eq. 30 and Eqs. A1–A7) as already described. The
simulation results for the profiles of the different internal
variables of interest are presented in Figures 3–6, corre-
sponding to the UF of fluoride using the optimized model
parameter values.

The effect of the feed concentration of fluoride and TMP
drop on the development of the concentration boundary layer

Table 1. Values of the Different Physical Properties of the System

Parameter
UF of Fluoride using Activated Alumina-Doped

CAP Membrane
UF of Catechol using Alumina Nanoparticle-

Doped CAP Membrane

Membrane permeability, Lp, (m/Pa s) 0.97 3 10211 1.87 3 10211

Membrane thickness, L, (mm) 0.72 0.7
Membrane porosity, e 0.4 0.6
Membrane density, qmemb , (kg/m3) 421.8 99.3
Molecular weight of the solute, Mw, (g/mol) 19 110
Diffusivity of the solute, D, (m2/s) 1.4 3 1029 (Ref. 24) 8.9 3 10210 (Ref. 25)
Radius of the batch setup, R, (mm) 33 (same experimental setup)
Viscosity of the solution, l, (Pa s) 0.001 (solution is very dilute)
Temperature, T, (K) 298 (room temperature)
Additional Properties of the Membrane

Molecular weight cut off (kDa) 24 122
Contact angle 52.3 59
Permeability (m/Pa s) 1.4 3 10211 1.87 3 10211

Adsorption Isotherm (Based on Langmuir Model) Constants
A (m) 3.37 0.085
B (m3/kg) 3.27 16.50

Figure 2. Schematic of the experimental setup.

Table 2. Optimized Values of the Model Parameters

Parameter

UF of Fluoride
using Alumina-

Doped CAP
Membrane

UF of Catechol
using Nanoparticle

Alumina-Doped
CAP Membrane

k (2.50 6 0.12) 3 1014 (3.90 6 0.20) 3 1013

n 0.12 6 0.006 0.10 6 0.005
a1 (m3/kg s) (1.00 6 0.05) 3 1026 (1.00 6 0.05) 3 1023

a2 0.05 6 0.002 3.00 6 0.15
Rr 0.85 6 0.04 0.70 6 0.04
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thickness is shown in Figure 3. The plot shows that the
thickness of the concentration boundary layer increases with
feed concentration (curves 1 and 2) and decreases with TMP
(curves 1 and 3). It must be noted that two interlinking phe-
nomena occur here. One of them is concentration polariza-
tion while the other is adsorption. On increasing the TMP,
one would expect higher solute polarization as explained
from the classical boundary layer analysis of membrane
transport phenomena.27 Contrasting to this, in this scenario,
solute adsorption by the membrane surface also plays a sig-
nificant role. In fact, for MMM, solute adsorption is much
more dominant compared to diffusion-controlled concentra-
tion polarization. It has to be noted that due to the effect of
adsorption, the membrane surface concentration (Cm)
decreases and becomes less than the bulk concentration. The
effects of feed concentration are observed from the curves 1
and 2. As the feed concentration increases, solute concentra-
tion in the concentration boundary layer increases and, there-
fore, its thickness is also increased. Effects of TMP on
thickness of concentration boundary layer are observed from
curves 1 and 3. Both of these curves are at the same feed
concentration. With increase in TMP, more solutes are

convected toward the membrane surface, thereby, increasing
the rate of adsorption within membrane matrix. This leads to
a depletion of solute concentration in the concentration
boundary layer and its thickness is reduced significantly.

Figure 3. Variation of the concentration boundary layer
thickness (d) for different operating
conditions.

Figure 4. Variation of the membrane surface concen-
tration for different operating conditions.

Figure 5. (a) Solute adsorption profile on the mem-
brane surface and (b) adsorption resistance
associated with the adsorption phenomena.

Figure 6. Osmotic pressure due to difference in solute
concentration across the membrane.
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Effects of TMP and feed concentration on the membrane
surface concentration are presented in Figure 4. Effects of
feed concentration are observed in curves 1 and 2. As dis-
cussed in the preceding paragraph, increase in feed concen-
tration leads to accumulation of solute particles on the
membrane surface and consequently, surface concentration
increases. However, curves 1 and 2 almost superpose. This
indicates that increase in feed concentration from 0.008 to
0.02 kg/m3 (2.5 times increase) results to proportional
increase in membrane surface concentration and hence, the
profiles of nondimensional surface concentration coincide
each other. The effect of TMP is observed by comparing the
curves 1 and 3. At 276 kPa, membrane surface concentration
decreases sharply up to 15 min due to strong adsorption and
it remains almost invariant thereafter. This shows that
beyond 15 min, adsorption occurred in the same rate. In case
of higher TMP, more solutes are convected toward the mem-
brane initially, thereby increasing the concentration gradient
for adsorption. Thus, within few minutes of the starting of
the filtration, membrane surface concentration decreases
sharply indicating remarkably strong adsorption. After few
minutes (about 2 min from curve 3), the rate of adsorption
becomes slower and membrane surface concentration starts
increasing. However, it increases from 0.55 to 0.65 after 3 h
of filtration indicating within that period, adsorption is still
dominant compared to concentration polarization. It can be
noted from Figure 3 that for all the conditions, cm/c0 is
always less than 1.0, showing the dominance of solute
adsorption.

“ca” indicates adsorbed solute per unit membrane surface

area. The influence of the operating conditions on ca are

shown in Figure 5a. Curves 1 and 2 show the effect of feed

concentration. As the feed concentration increases, more sol-

utes are available for surface adsorption, thereby increasing

its value. Conversely, it is observed from curves 1 and 3 that

effect of TMP on ca is marginal. With increase in TMP, con-

centration of solute at the membrane surface (cm) increases

as observed from Figure 3 (from 0.55 to 0.65 at 180 min).

However, according to the dynamics of adsorption given by

Eq. 14, this amount of increase in cm results into marginal

increase in concentration of adsorbed solute on the mem-

brane surface. Thus, increase in TMP has less significant

effect on solute adsorption in MMM compared to increase in

feed concentration.
Figure 5b shows the effects of operating conditions or

adsorption resistance. Because adsorption resistance is

directly proportional to “ca” (Eq. 18), the trends are similar

to those in Figure 5a. However, it may be noted from Figure

5b, that after 3 h of filtration, adsorption resistance becomes

almost comparable to membrane hydraulic resistance. This is

a significant observation indicating the resistance due to con-

centration polarization is negligible in the case study of

MMM. This point is proved more strongly from the observa-

tion presented in Figure 6.
The impact of osmotic pressure difference across the

membrane is shown in Figure 6. The general observation

from the curves in this figure shows that the osmotic pres-

sure difference across the membrane increases within filtra-

tion time but its value is negligible compared to those of

TMP. Thus, the contribution of osmotic pressure on the

overall flux decline mechanism (as represented in Eq. 7) is

negligibly small compared to adsorption resistance and

hydraulic resistance of the membrane. However, the effects

of feed concentration on osmotic pressure difference are

much stronger than TMP. These results are in direct corrobo-

ration of the profiles of membrane surface concentration

shown in Figure 4.
Comparison between the experimental flux and rejection

profiles for fluoride removal in CAP-activated alumina
MMM is presented in Figure 7. It can be observed from
both the figures that the calculated values are within 610%
of the experimental results. Similarly, the comparison
between the experimental and the calculated profiles of per-
meate flux and observed rejections are shown in Figure 8 for
filtration of catechol using CAP-alumina nanoparticle-doped
MMM. It can be observed from Figure 8a that the calculated
flux profile matches pretty well with the experimental data.
The calculated fluxes are within 610% of the experimental
results for the entire duration of filtration. It is to be noted
from Figure 8b that at lower TMP, the profiles of observed
rejection match within 610% of the experimental results.
But, for higher TMP, 690 kPa, the observed retention devi-
ates more than 10% beyond 90 min of filtration period. In
case of CAP-alumina nanoparticle MMM, the membrane

Figure 7. Experimental and simulated profiles of (a)
permeate flux and (b) retention of fluoride
contaminated solution at pH 7.0.

The symbols represent the experimental data points

while the solid lines are for simulated results. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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surface becomes significantly charged.23 Thus, there exists
charge–charge interaction between solutes and the membrane
surface. It is believed that such effect becomes prominent at
higher TMP. Because such phenomena are not included in
this model, the model predictions could not capture the
experimental trend beyond certain time of filtration, when
these charge interactions becomes significant.

The magnitude of the isotherm constants severely affects
the system performance, that is the permeate flux and
observed retention, as expressed in Figure 9. The variation
of permeate flux with the isotherm constants are shown in
Figure 9a. The effects of adsorption capacity “A” on the per-
meate flux are summarized in curves 1 and 3. As the value
of “A” increases 100-folds, it leads to quite strong adsorption
of solute by the membrane, thereby increasing adsorption
resistance and hence, permeate flux is lowered in curve 3
compared to curve 1. Increasing the constant “B,” leads to
lowering in solute adsorption thereby, decreasing adsorption
resistance and enhancing permeate flux compared to curve 1.
Trends of observed retention are shown in Figure 9b.
Increase in “A” indicates strong solute adsorption (compare
curves 1 and 3). Therefore, solute retention is very high and

as shown in curve 3, it is close to 100% from 30 min
onward. Conversely, when “B” is increased, adsorption is
less and more solutes permeate through the membrane,
thereby decreasing the observed retention. Thus, observed
retention decreases from 82 to 77% as the “B” increases
100-folds (comparing curves 1 and 2).

Effects of the parameters responsible for adsorption
kinetics on system performance are shown in Figure 10. Var-
iations of permeate flux and observed rejection are shown in
Figures 10a, b, respectively. Effects of parameter k and n (in
Eq. 18) are shown by curves 1 and 2, and 1 and 3. As evi-
dent from Eq. 18, increase in k indicates increase in adsorp-
tion resistance. Thus, increase in k from 1014 to 1015 results
into a corresponding decrease in permeate flux from 10 to
2.5 L/m2 h. Similarly, n being a fraction, increase in n
results in decrease of adsorption resistance, Rad and conse-
quently increase in permeate flux. For example, the permeate
flux increases from 12 to 22 L/m2 h as the value of n
increases from 0.1 to 0.5. Effects of a1 and a2 (in Eq. 14) on
permeate flux are observed by comparing curves 1 and 4,
and 1 and 5. Rate of change in concentration of adsorbed
solute on membrane surface is presented by the parameter
a1. A closer look into Eq. 14 reveals that increase in a1,
results to increase in ca, and hence adsorption resistance and
subsequently, decrease in permeate flux. This is evident by

Figure 8. Experimental and simulated profiles of (a)
permeate flux and (b) retention of catechol
solution at pH 8.3.

The symbols represent the experimental data points

while the solid lines are for simulated results. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 9. Simulated profiles of the (a) permeate flux
and (b) rejection for different values of the
adsorption isotherm constants.
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comparing curves 1 and 4. Because a1 dictates the rate of
change of ca (Eq. 14), increase in a1 from 1024 and 1022

leads to rapid decrease in permeate flux (curve 4). However,
after 1 h of filtration time, effects of a1 becomes marginal
and both the flux profiles almost coincide. Effect of a2 on
permeate flux is complex and it depends on the variation of
membrane surface concentration (cm) and adsorbed solute
concentration on membrane surface (ca). Increase in a2

results to enhanced cm, leading to lower amount of ca. This
leads to lower adsorption resistance and high-permeate flux.
However, within the range of parameter a2, this increment in
not significant. As a2 increases from 0.1 to 1.0, permeate
flux increases from 12 to 14 L/m2 h.

The corresponding effects on observed rejection are shown
in Figure 10a. Increase in k results to more solute adsorption
and hence, observed rejection increases. At the end of 3 h
filtration, R0 increases from 80 to 84% as k increases from
1014 to 1015. As already discussed, increase in n leads to
reduction in solute adsorption. Thus, observed rejection
decreases from 80 to 74%, as n increases from 0.l to 0.5.
Effects of a1, are evident from curves 1 and 4. As a1

increases from 1024 to 1022, it leads to more adsorption and
thus improving R0 from 80 to 83% after 3 h of filtration.
Similarly, increase in a2 from 0.1 to 1.0 leads to lowering in

adsorption and hence, the observed retention. The value of
R0 decreases from 80 to 78% after 3 h, comparing curves 1
and 5.

Conclusions

Adsorption of solutes in membrane matrix during ultrafil-
tration of MMM plays an important role. In such cases,
adsorption on membrane matrix becomes stronger compared
to convection-diffusion led concentration polarization. This
can be confirmed by the value of membrane surface concen-
tration which is always less than feed concentration. How-
ever, concentration polarization increases with feed
concentration and TMP drop, as expected. The magnitude of
concentration boundary layer (d) decreases by 2.5 times with
increase in TMP from 276 to 690 kPa, in the case fluoride
ultrafiltration. Increase in feed concentration has a stronger
effect on solute adsorption on the membrane surface and
adsorption resistance, compared to increase in TMP drop.
Effects of osmotic pressure in case of filtration of smaller
sized solutes on MMM are negligible compared to TMP
drop. The developed model adequately captures the rejection
dynamics of the solute and variation of feed volume and
bulk concentration with time. The model predicts experimen-
tal data of permeate flux and observed rejection with
adequate accuracy and matches within 610% of the experi-
mental results. Parametric variation of various adsorption
constants is also simulated and their effects on system per-
formance have been quantified. The rejection increases by
25% on increasing the Langmuir constant (A) by 100-folds
while permeate flux decreases by 10%.

Acknowledgments

This work is partially supported by a grant from the Board
of Research in Nuclear Sciences (BRNS), Department of
Atomic Energy, Government of India, Mumbai, under the
scheme no. 2012/21/03-BRNS, dated 25-07-2012 and by
Department of Science and Technology, New Delhi, Govern-
ment of India, under the scheme DST/TMC/2K11/339, dated
23-05-2012. Any opinions, findings and conclusions
expressed in this paper are those of the authors and do not
necessarily reflect the views of BRNS or DST.

Notation

A = Langmuir isotherm constant in Eq. 15, m
a0, = a1, a2 5 coefficients in Eq. 27
Am = available membrane surface area for filtration, m2

B = Langmuir isotherm constant in Eq. 15, m3/kg
c = concentration, kg/m3

c* = nondimensional concentration, c/c0

c0 = initial feed concentration, kg/m3

ca = amount of solute adsorbed on membrane surface, kg/m2

c�a = nondimensional amount of solute adsorbed, ca=R c0

cb = bulk feed concentration, kg/m3

c�b = nondimensional bulk concentration, cb/c0

ce = equilibrium concentration at the membrane surface, kg/m2

cm = solute concentration at membrane surface, kg/m3

c�m = nondimensional membrane surface concentration, cm/c0

cp = permeate concentration of solute, kg/m3

cpm = interface permeate concentration as described in Figure 1, kg/
m3

D = diffusivity of solute, m2/s
k = modified adsorption resistance model constant, defined in Eq.

A4
k/ = adsorption resistance model constant in Eq. 18, m3n21 kg2n

ka = Langmuir isotherm constant specified in Eq. 16, m3/kg
L = thickness of the membrane, m

Figure 10. Simulated profiles of the (a) permeate flux
and (b) rejection for different values of the
model parameters.
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Lp = permeability of the membrane, m/Pa s
Mw = molecular weight of the solute, g/mol

n = power coefficient adsorption resistance model in Eqs. 18 and
A4

Nd = number of data points in the ith experiment
Nexp = total number of experiments using a particular membrane-solute

system
Pew = nondimensional permeate flux, vwR/D

qe = amount of solute adsorbed at equilibrium by the adsorbent, kg/
kg

R = radius of the experimental batch cell, m
R0,exp = experimental observed rejection

Rad = resistance to solvent flux due to adsorption, m21

R�ad = nondimensional adsorption resistance, Rad/Rm

Rg = universal gas constant, J/mol K
Rm = membrane hydraulic resistance, m21

Rr = real retention of the membrane
Rr1 = interface real retention of the membrane, described in Figure 1
Rr2 = interface real retention of the membrane, described in Figure 1
S1 = objective function for minimizing the sum of the relative error

between experimental and theoretical permeate flux
S2 = objective function for minimizing the sum of the relative error

between experimental and theoretical observed rejection values
T = temperature of the system, K
t = time of filtration, s
v = axial velocity component in Eq. 1, m/s
V = volume of feed, m3

V* = nondimensional bulk volume, V/V0

V0 = initial feed volume, m3

Vm = Langmuir isotherm constant specified in Eq. 16, kg/kg
vw = permeate velocity, m/s

vw,exp = experimental permeate flux data, L/m2 h
y = local cartesian y coordinate, m

y* = nondimensional axial coordinate, y/R

Greek letters

a1 = model constant in Eq. 14, m3/kg s
a2 = model constants in Eq. 14
d = thickness of the mass-transfer boundary layer, m

d� = nondimensional mass-transfer boundary layer
DP = transmembrane pressure drop, Pa
Dp = osmotic pressure difference across the membrane, Pa

e = porosity of the membrane
c1; c2 = Vant-Hoff’s factor for positive and negative ions species in

solution
l = viscosity of the solution, Pa s
p = osmotic pressure of the solution, Pa

qmemb = density of the membranes, kg m3

s = nondimensional time of filtration, t D/R2
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Appendix A

The flux equation at the interface (Eq. 5) in nondimensional form

is obtained by substituting the expression of dc�
dy�jy�50 from Eq. 28

and from the definition of real retention (Eq. 21)

Pewc�mRr522
c�m2c�b

d�

� �
1

dc�a
ds
jy�50 (A1)

where c�a5
ca

c0R. To compute
dc�a
ds jy�50, Eq. 14 is evaluated at

c�5c�m, which is expressed in nondimensional form as
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dc�a
ds
jy�505

a1R2

D
ca2

0 c�m
a2 c�e jy�502c�m

h i
(A2)

Similarly, equilibrium concentration at the interface c�e jy�50

� 	
in

nondimensional form in expressed as

c�eðsÞjy�505
Ac�m

R 11Bc0c�m
� � (A3)

The adsorption resistance is also transformed into nondimen-

sional form as

R�ad 5
Rad

Rm

5k c�a
� �n

(A4)

where k 5 k=

Rm
c0R
� �n

The expression for nondimensional permeate flux (Pew) can be

obtained from Eq. 6 as

Pew5LpDP
R

D
12

Dp
DP

� �
1

11R�ad


 � (A5)

where Lp represents the membrane permeability Lp5 DP
lRm

� 	
. The

nondimensional form of Eq. 11 and 12 are represented as

V�
dc�b
ds

1c�b
dV�

ds
1

RAm

V0

� �
dc�a
ds

1c�mð12RrÞ
RAm

V0

� �
50 (A6)

dV�

ds
52Pew

AmR

V0

� �
(A7)
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